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We study the tidal deformability of bare quark stars and hybrid compact stars composed of a quark
matter core in general relativity, assuming that the deconfined quark matter exists in a crystalline
color superconducting phase. We find that taking the elastic property of crystalline quark matter
into account in the calculation of the tidal deformability can break the universal I-Love relation
discovered for fluid compact stars, which connects the moment of inertia and tidal deformability.
Our result suggests that measurements of the moment of inertia and tidal deformability can in
principle be used to test the existence of solid quark stars, despite our ignorance of the high density
equation of state (EOS). Assuming that the moment of inertia can be measured to 10% level, one
can then distinguish a 1.4 (1) M⊙ solid quark star described by our quark matter EOS model with
a gap parameter ∆ = 25 MeV from a fluid compact star if the tidal deformability can be measured
to about 10% (45%) level. On the other hand, we find that the nuclear matter fluid envelope of
a hybrid star can screen out the effect of the solid core significantly so that the resulting I-Love
relation for hybrid stars still agrees with the universal relation for fluid stars to about 1% level.
PACS numbers: 04.30.Db, 25.75.Nq, 26.60.-c, 97.60.Jd
Introduction. The possibility that deconfined quark
matter may exist in the ultra-high density cores of com-
pact stars has been of great interest since it was first pro-
posed a few decades ago [1–3]. Our current understand-
ing of the QCD phase diagram also suggests that de-
confined quarks at the low-temperature and high-density
regime can form a condensate of Cooper pairs driven by
the BCS mechanism due to the existence of attractive
channels of quark-quark interactions and become color
superconducting [4–7] (see [8] for a review). Soon af-
ter their births in supernova explosions, the temperature
of compact stars drops quickly below 1011 K (equiva-
lent to about 10 MeV), the typical transition tempera-
ture expected for color superconductivity, and hence it is
believed that deconfined quark matter (if exists) inside
compact stars can be in a color-superconducting phase.
At the core of compact stars, it may be energetically fa-
vorable for quark matter to form an inhomogeneous con-
densate resulting in a crystalline color-superconducting
(CCS) phase [9–13] (see [14] for a recent review). If our
current understanding of QCD in the high-density (but
still nonperturbative) regime is correct, it is then possi-
ble that hybrid stars featuring a nuclear-matter envelope
on top of a CCS quark matter core can exist [15]. On
the other hand, bare solid quark stars composed of CCS
quark matter could also be possible if deconfined quark
matter is the true ground state of matter [16].
One of the special properties of the CCS quark mat-
ter is that it is extremely rigid. The shear modulus of
this crystalline phase can be at least a factor of 20 to
1000 larger than that in traditional neutron star crusts
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[17]. The extreme rigidity of the CCS quark matter may
produce detectable gravitational wave signals by sustain-
ing large nonaxisymmetric distortions of the solid core
of compact stars [18–20] or exciting the torsional oscil-
lations of the solid core [21]. With the groundbreak-
ing detections of gravitational wave signals from binary
black holes [22, 23], we have now entered the era of grav-
itational wave astronomy. Gravitational waves emitted
from binary neutron stars are also expected to be de-
tectable by advanced LIGO and Virgo soon in the fu-
ture. Studying the unique gravitational wave signatures
of CCS quark matter is a promising direction to test the
existence of this phase of matter.
In this paper, we study the tidal deformability of com-
pact stars with elastic CCS quark matter. The tidal
deformability λ measures the deformation of a star due
to the tidal field Eij created by a companion star and
is defined by Qij ≡ −λEij , where Qij is the traceless
quadrupole moment tensor of the star. The tidal de-
formability λ is an important parameter in the study
of the gravitational wave signals emitted from compact
star binaries. In particular, the parameter characterizes
the effects of the internal stellar structure on the grav-
itational wave phase, and its measurability with gravi-
tational wave observations has been studied (see, e.g.,
[24–30]). In recent years, the tidal deformability of com-
pact stars has been gaining a lot of attention because
of the discovery of the universal I-Love-Q relations con-
necting the moment of inertia I, the tidal deformability
λ (also called the Love number), and the spin-induced
quadrupole moment Q of fluid compact stars [31, 32]
(see [33] for a recent review). In contrast to the mass-
radius relation of compact stars, which depends sensi-
tively on the equation of state (EOS), the I-Love-Q rela-
tions are said to be universal because they are approxi-
mately EOS-independent to about 1% level. We refer the
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FIG. 1: Universal I-Love relation for fluid compact stars: I¯
is plotted against λ¯ for different stellar models. FQS1, FQS2,
and FQS3 represent bare fluid quark stars with different EOS
parameters. FHS is a hybrid star model composed of a nu-
clear matter envelope on top of a fluid quark matter core.
Traditional neutron stars modeled by the SLy4 and APR EOS
models are also plotted. The solid line is a fitting curve for
the universal relation proposed by Yagi and Yunes [31, 32].
reader to [31–33] for a detailed discussion of the relevance
of these universal relations to astrophysics, gravitational-
wave, and fundamental physics.
As an illustration, we use a few different EOS models
to reproduce in Fig. 1 the I-Love relation for fluid stars,
which concerns the dimensionless quantities I¯ ≡ I/M3
and λ¯ ≡ λ/M5 (in geometric units where G = c = 1),
whereM is the gravitational mass. Models FQS1, FQS2,
and FQS3 represent bare fluid quark star models de-
scribed by the phenomenological quark-matter EOS de-
fined below in Eq. (6) with different parameters. FHS is
a hybrid star model with a nuclear matter envelope on
top of a fluid quark matter core (see below for more de-
tails). In the figure, traditional neutron stars described
by the nuclear matter EOS models SLy4 [34] and APR
[35] are also presented. The solid line is a fitting curve
suggested by Yagi and Yunes [31, 32]. Figure 1 shows
clearly that the relation between I¯ and λ¯ (the I-Love re-
lation) is insensitive to the underlying EOS models. The
internal structure of bare quark stars and hybrid stars
are very different from traditional neutron stars because
they either have a finite non-zero density at the surface
or a density discontinuity in the interior. It is thus quite
surprising that these different stellar models can estab-
lish the same universal I-Love relation. In the following,
we shall investigate how the contribution of the elasticity
of crystalline quark matter in the calculation of λ would
affect the I-Love relations for bare solid quark stars and
hybrid stars with a solid quark core.
Formulation. Here we briefly outline the formula-
tion of our study. The problem is to determine tidal
quadrupolar deformations of an elastic star perturba-
tively. The unperturbed background star is assumed to
be in an unstrained state and can be treated as a per-
fect fluid star obeying the Tolman-Oppenheimer-Volkoff
(TOV) equation. The tidal deformation of the star is con-
sidered perturbatively by linearizing the Einstein equa-
tions and the conservation equation for the matter field:
δGαβ = 8piδTαβ , (1)
δ (∇αTαβ) = 0, (2)
where Gαβ is the Einstein tensor and Tαβ is the stress-
energy tensor. ∇α and δ denote the covariant derivative
and Eulerian perturbation, respectively. The elasticity of
the matter contributes through the shear part T shearαβ of
the full stress-energy tensor
Tαβ = T
bulk
αβ + T
shear
αβ , (3)
where the bulk part T bulkαβ is assumed to take the standard
perfect-fluid form. As the background star is assumed to
be in an unstrained state, T shearαβ in fact contributes only
at the perturbation level through [36–38]
δT shearαβ = −2µδΣαβ, (4)
where µ is the shear modulus and δΣαβ is the perturbed
shear tensor generated by a displacement field due to the
quadrupolar deformation.
In the case of a bare solid quark star, the problem can
be cast into a system of six coupled first-order ordinary
differential equations for the metric and matter pertur-
bation variables. The equations are solved by noting that
there are three regular solutions at the center, together
with the vanishing of the radial and tangential stresses
at the stellar surface. The interior solution is then de-
termined up to an arbitrary constant. Once the interior
problem has been solved, the remaining procedure to de-
termine the tidal deformability λ is the same as that for
bare fluid quark stars. By using the determined metric
function gtt and comparing with the response of a static
star to an external quadrupolar tidal field Eij in the far-
field limit:
−
1 + gtt
2
= −
M
r
−
3Qij
2r3
(
xixj
r2
−
1
3
δij
)
+
1
2
Eijx
ixj , (5)
where Qij is the quadrupole moment, the tidal deforma-
bility λ of the star is then determined by the relation
Qij = −λEij (see, e.g., [39] for a detailed discussion).
For the case of a hybrid star, the perturbation equa-
tions describing the solid core are the same as those for
a solid quark star with the same regular solutions at the
center. At the solid-fluid interface where the density and
shear modulus are discontinuous, we impose the continu-
ities of the metric variables and the radial and tangential
stresses across the interface. In the fluid layer on top of
the solid core, the shear modulus µ = 0 and the per-
turbed bulk part δT bulkαβ is the only contribution to the
3stress-energy tensor. One only needs to solve a second-
order differential equation for the metric perturbation
δgtt in order to determine λ.
We also note that the quadrupolar oscillations of neu-
tron stars taking into account the elasticity of the neutron
star crust have been studied by Finn [36] and Kru¨ger et
al. [38]. We have checked that our final set of pertur-
bation equations for crystalline matter agrees with their
relevant equations in the zero-frequency limit.
Microphysics Input. In order to construct equilibrium
stellar models, we employ the phenomenological quark-
matter EOS model of Alford et al. [40] for the quark
matter. The model is defined by the thermodynamic po-
tential
ΩQM = −
3
4pi2
a4µ
4
q +
3
4pi2
a2µ
2
q +Beff , (6)
where µq is the quark chemical potential. The param-
eter a4 (≤ 1) is used to model nonperturbative QCD
corrections. The reasonable value for the dimension-
less parameter a4 is expected to be of order 0.7 [40].
The parameter a2 is used to model the effects of quark
masses and pairing. Beff is an effective bag constant.
The energy density ρ and pressure P for quark matter
can be calculated from ΩQM using standard thermody-
namic relations: ρ = ΩQM + nqµq and P = −ΩQM,
where nq = −∂ΩQM/∂µq is the quark number density.
Using the relation between ρ and P , together with the
TOV equation, allows us to construct static bare quark
stars. In the following, we fix the parameters a4 = 0.8,
a
1/2
2 = 100 MeV, and B
1/4
eff = 160 MeV.
As we have discussed, the shear modulus of CCS quark
matter is a key parameter in the calculation of the tidal
deformability of compact stars featuring crystalline quark
matter. It has been calculated by Mannarelli et al. [17]
and is given by
µ = 2.47 MeV/fm3
(
∆
10 MeV
)2 ( µq
400 MeV
)2
, (7)
where the gap parameter ∆ is expected to be in the range
5 MeV <∼ ∆
<
∼ 25 MeV [17]. The rigidity of the crys-
talline matter is characterized by the shear modulus, and
hence the gap parameter ∆. For a given stellar density
profile, a larger ∆ corresponds to a more rigid crystalline
quark matter as suggested by Eq. (7). We shall regard
∆ as a free parameter in the following investigation.
For hybrid stars featuring a solid quark core, we use
the same quark-matter EOS model to describe the quark
core. In the nuclear-matter envelope, we employ the APR
EOS model [35]. The phase transition from nuclear mat-
ter to quark matter is implemented using a Maxwell con-
struction (see [21, 40] for more details).
Results. As we have seen in Fig. 1, both bare quark-
star and hybrid-star models have essentially the same
universal I-Love relation as traditional neutron stars, as-
suming that the deconfined quark matter inside the stars
is in a fluid state. We are now ready to use the formu-
lation outlined above to study the effect of crystalline
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FIG. 2: I¯ is plotted against λ¯ for bare solid quark stars
(QS) and hybrid stars (HS) with a solid quark matter core.
Two values of the gap parameter ∆ = 15 and 25 MeV are
used for QS models, while ∆ = 25 MeV is used for HS mod-
els. The universal I-Love relation (solid line) for fluid stellar
models proposed by Yagi and Yunes [31, 32] is also plotted for
comparison. The shaded area around the 1 and 1.4 M⊙ solid
quark stars marked in the figure represents an observation er-
ror box in the I-Love plane in order to distinguish these solid
stars from fluid compact stars.
quark matter on the I-Love relation by taking into ac-
count the elasticity of crystalline matter in the calcula-
tion of the tidal deformability. Figure 2 presents our main
result where the I-Love relations for bare solid quark stars
(QS) and hybrid stars (HS) with a solid core are shown,
together with the fitting curve of Yagi and Yunes (solid
line) [31, 32] for fluid compact stars. Two different values
of the gap parameter ∆ (15 MeV and 25 MeV) are con-
sidered for the bare quark star models. It is seen clearly
that the I-Love relation of bare solid quark stars depends
on the value ∆ and deviates significantly from the univer-
sal relation. In particular, the deviation increases with
the value of ∆, and hence the rigidity of the quark mat-
ter. In the figure, we also mark the positions of two
quark star models with masses 1M⊙ and 1.4M⊙ on the
I-Love relation for the case ∆ = 25 MeV for reference.
We note that the tidal deformability of a solid quark star
decreases with increasing ∆. This is a predictable re-
sult because increasing ∆, and hence the shear modulus
for a given background model, means that the star is
more difficult to be deformed tidally. In particular, the
dimensionless quantity λ¯ of a 1.4M⊙ quark star model
decreases from 106.1 to 63.5 as the quark matter changes
from a fluid state to a solid state with ∆ = 25 MeV. For
comparison, including the elasticity of the neutron star
crust only leads to a tiny change in the tidal deforma-
bility of traditional neutron stars [37] because the shear
modulus of neutron star crust is much smaller than that
of crystalline quark matter, and the mass fraction of the
thin crust is too small to produce a significant effect.
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FIG. 3: Screening effect: The fractional difference δλ¯/λ¯fluid as
defined in the text is plotted against Rc/R for two-layer quark
star and incompressible models. Both models are assumed to
have a fluid envelope on top of a solid core.
An implication of our result is that independent mea-
surements of I¯ and λ¯ can in principle be used to test the
existence of bare solid quark stars, despite our ignorance
of the high-density EOS model, by considering the devi-
ation of the measured values from the universal relation
of Yagi and Yunes (solid line in Fig. 2). For example,
let us assume the existence of a 1.4M⊙ bare solid quark
star composed of CCS quark matter with ∆ = 25 MeV in
nature. We note that the evidence for a solid quark star
in this case is strong if both I¯ and λ¯ can be measured
to about 10% accuracy. The shaded area around the
1.4M⊙ solid quark star marked in Fig. 2 represents the
observation error box (see [31, 32] for the construction of
a similar observation error box in the content of distin-
guishing a modified gravity theory from general relativ-
ity based on the universal relation). It should be noted
that future observations may indeed be able to measure
the moment of inertia in double pulsar systems to about
10% accuracy [41]. We also note that the requirement on
the measurement accuracy is less stringent for lower mass
stars. Let us consider the 1M⊙ solid quark star marked in
Fig. 2. Assuming that I¯ of this star can still be measured
to 10% accuracy, the corresponding accuracy level that
is required for λ¯ in order to distinguish this solid quark
star from a traditional neutron star (or fluid quark star)
is about 45% instead of 10%. The shaded area around
this star in Fig. 2 is the corresponding error box.
In Fig. 2 the I-Love relation of hybrid star (HS) mod-
els is obtained by using the gap parameter ∆ = 25 MeV.
Having seen that the I-Love relation of bare solid quark
stars deviates significantly from the universal relation of
fluid stellar models, one might expect that the solid core
inside hybrid star models, despite being enclosed by a
nuclear-matter fluid envelope, should also produce a com-
parable effect. However, Figure 2 shows that this is not
the case. Although we have maximized the rigidity of the
solid core by employing the theoretical upper bound for
the gap parameter ∆ = 25 MeV, the I-Love relation of
hybrid stars still agrees very well (about 1% level) with
that of the fluid star models. For a 1.4 M⊙ hybrid star
model, the dimensionless quantity λ¯ changes only from
212.6 to 211.4 when the quark matter core of the star
changes from a fluid state to a solid state. In contrast
to the case in bare solid quark stars, the effect of the
solid core in hybrid stars is unexpectedly small. This
suggests that the fluid envelope can somehow “screen”
out the effect of the solid core so that the presence of
the solid core cannot be revealed easily by observing the
tidal deformation of hybrid stars.
To further illustrate the screening effect, we have also
considered a two-layer bare quark star model and an in-
compressible uniform density model. Both models are
assumed to have a fluid envelope on top of a solid core.
In contrast to the hybrid star models where the radius Rc
of the solid core is fixed by the transition pressure of the
underlying EOS, we can now regard Rc as a parameter
and study the screening effect by varying its value from
0 to R, where R is the radius of the star.
In Fig. 3 we plot the fractional difference δλ¯/λ¯fluid
against the ratio Rc/R. Here λ¯fluid is the scaled tidal
deformability for a pure fluid star (i.e., when the radius
of the solid core Rc = 0) and δλ¯ ≡ λ¯fluid − λ¯(Rc), where
λ¯(Rc) is the scaled tidal deformability of a star model
with a solid core of radius Rc. For the quark star model,
two different values of the gap parameter 15 and 20 MeV
are used to calculate the shear modulus of the CCS quark
matter. On the other hand, a constant shear modulus is
used for the incompressible model. Figure 3 shows that
the screening effect is almost complete (δλ¯ ≈ 0) even
for a solid core as large as Rc ≈ 0.7R for both stellar
models. For a fixed value of Rc, it is noted that δλ¯ in-
creases with the gap parameter ∆, and hence the rigidity
of the solid core, in the two-layer quark star model as
one would expect. We also note that the screening effect
in the incompressible model is much stronger. For the
incompressible model, we find that δλ¯/λ¯fluid is of the or-
der 10−3 even when the radius of the solid core is up to
Rc = 0.99R.
Interestingly, this somewhat surprising screening effect
has also been found recently by Beuthe [42] in his study of
the tidal deformation of icy satellites of the solar system,
such as Europa and Titan. In particular, Beuthe demon-
strated analytically the existence of a complete screening
effect (δλ¯ = 0) in Newtonian gravity for a two-layer uni-
form density stellar model, with a surface fluid layer on
top of a solid core. In particular, the screening effect is
independent of the thickness of the fluid layer. A gen-
eralization of the analytical work of [42] in Newtonian
gravity to general relativity would be an interesting fu-
ture investigation.
Discussion. Besides gravitational wave signals [18–
21] that we have mentioned before, electromagnetic [43]
and neutrino emissions [44] from compact stars composed
of CCS quark matter have also been investigated. How-
5ever, these signals in general depend sensitively on the
underlying EOSmodel, which is not well understood even
for traditional neutron star models. In this work, we pro-
pose that an observed broken universal I-Love relation
from independent measurements of even one single pair
of I¯ and λ¯ would provide us a strong evidence for the
existence of solid quark stars, and hence verifying (i) the
hypothesis that quark matter could be absolutely sta-
ble and (ii) the existence of the CCS phase at the same
time, despite our ignorance of the high-density EOS. For
instance, assuming that the gap parameter takes the ex-
pected maximum value ∆ = 25 MeV and both I¯ and λ¯
can be measured to about 10% accuracy, we can then
distinguish a 1.4M⊙ solid quark star modeled by our
quark-matter EOS from a traditional neutron star. Fur-
thermore, the required accuracy on λ¯ is reduced to about
45% if the mass of the solid quark star is 1M⊙. On the
other hand, if the pair of values agree with the universal
relation, it does not necessary rule out the CCS phase
because this exotic phase of matter can still exist inside
hybrid stars which have essentially the same I-Love rela-
tion as traditional neutron stars due to a screening effect.
We end this paper with a few remarks. (1) Our con-
clusion is based on the assumption that general relativity
is the correct theory of gravity. Otherwise, a deviation
from the universal I-Love relation may in fact be a signa-
ture of a modified gravity theory [31, 32, 45, 46] instead
of the CCS quark matter. If this is the case, then one
can still hope to distinguish the two situations by mak-
ing use of an extra observable such as the stellar massM ,
which is already assumed to be known when constructing
the scaled quantities I¯ and λ¯. (2) For a binary system
approaching merger, the effects of spin on the tidal de-
formability can be important and would limit our ability
to identify solid quark stars using the universal relations
[47]. (3) Nevertheless, according to neutron-star binary
simulations (see, e.g., [48]), the internal temperature of
the stars during merger can rise up to a few tens of MeV.
If this temperature scale also applies to a quark-star bi-
nary, depending on the value of the gap parameter, the
CCS phase of quark matter may in fact already disappear
when the system is close to merger.
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